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graphs

A (directed) graph is a pair (V, E) where V isa
finite set of vertices (or nodes) and a relation £ C V x V.
a set of (directed) edges (or arcs).

4
Mrs. Othmar Tree of Life in Kabbalah
—
Pa‘r‘ry/\>ChC‘r'“E\A LRHG ‘ (ought to be: graph of life)
\ 4 Vil Lydia ¥ = {Charlie, Patty, LRHG, Violet, Peggy,
‘ . % Lucy, Schroeder, Sally, Linus,
Peggy - Mrs. Othmar, Lydia}
Kﬁ Y E = {(Charlie, Violet), (Charlie, LRHG), (Charlie, Peggy), (Linus, Sally),
y
Schroeder (Linus, Mrs. Othmar), (Linus, Lydia), (Lucy, Schroeder),

(Patty, Charlie), (Sally, Linus), (Violet, Violet), (Peggy, Charlie) }
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adjacency matrix

Recall the matrix

representation of

relations.

With graphs,

the adjacency matrix
is always square.




directed & undirected graphs

An (undirected) graph is a pair (V, E) where V is a set of vertices (or nodes) and a
symmetric relation £ C V' x V, a set of (undirected) edges (or arcs).
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I I Sometimes, an asymmetric

E is used fo represent an undirected
Graph. In those cases, the
symmetric closure of E is assumed.

V={F,E,B,D,NL,CH,I,GB,IRL}

E = {(F>E)7(E7F)7(F7B)7(BvF)7<F7D)7(DaF)7
(F,CH),(CH,F),(F,I),(I,F),(B,NL),(NL, B),
(B,D),(D,B),(D,NL),(NL,D),(D,CH),(CH, D), Es = F U E_l
(

[0))

CH,I),(I,CH),(GB,IRL),(IRL,GB)}



_paths

Given a graph (V; E), a path is a finite sequence o, ..., an in Vwith n > 1
such that (ax_1,a;) € E for 1 <k < n The length of the path is n.

A cycle is a path ao, ..., an where ao = ap . .
. : : | Find the cycles.
A graph that does not contain cycles is called acyclic. ;

‘e




trees

A (rooted) tree is a graph (T, R) such that T is empty or there
isan a € 1" such that:
(i) for every x € T, x # a there is exactly one path from a to x
(ii) there is no path from a to a.

root QTSN
tree of damn near everything
(rough draft)
Porphyry of Tyre
Imk \ 234-305
% \ ’ A _ Parent
Ieaf /\ /(‘\ child




properties

(1) Any non-empty tree has a unique root.
(2) A root has no parent.

(3) Every non-root has exactly one parent.
(4) A tree with n nodes has n-1 links.

(5) A tree contains no cycles.

? What does (4) imply?

‘e

link height / level

node height
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examples

grammar frees

Verb Clause
/\mrbl’hrase
Noun Phrase Noun Phrase
Article Noun Verb Verb Article Noun
|
a|ﬁ tu-d{li ler i|5. eatli ng al banana

Determinative Subject Progressive Predicate Determinative Direct Object

Subject Direct Ohject

Predicate

Declaration

/

Archaea

Bacteria

the actual tree of life ~

Ctenophores

Today 65 200 250 370 440 542

1
o) X
X game frees
x|o]o
P
o) X o] X o] X
X | x X X X
x|o|o x|olo xlolo
+10 5/\6 71\8
O|X|X O|X|x o X 0|o|x
X|o X| |o Xlolx x| [x
x|o]o x|o]o xlolo xl|olo
v‘rg 10 "'
X | X 0|0 | X
X|x]o X|x|x
X|0|0 x|0|o
+10 +10

#% - Coelacanth S
ungfish  Amphibians

Reptiles

Mammals

Millions of Years Ago

2000 w000 700 542 440 370 250 200 65 Today

All the major and many of the minor living branches of life are shawn on this diagram, but only a few of those that have gone extinct are shown. Example: Dinosaurs - extinct *



defining trees recursively

(1) The empty graph (0.9) is a tree.

(2) Given a family of disjoint trees (T3 Ri)i=1.n ,ie. Ty N T; = () when ¢ # j,
and with roots B =1{b; € T;: 1 <i < n},aswell asa fresh a & | U T; we can
create a new tree with root a: el

T={a}u | T R={(a,b):beB}U | | R

1=1..n 1=1..n

\\v“wﬁ
/.\ l@ This construction is
b 5 SiY bottom-up.
) % 2 Compare to the
top-down construction

.y <. (T2, Ry) in SLAM Section 7.2.2.

(11, Ry)
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labeled trees

Given a tree (T, R) , and a set of labels L , a labeling is a function X\ :T — L
A tree with a labeling is called a /abeled tree.

f
) /I\A' 1 In practice, the labeling function
/.\ is often realized by adding data

to the nodes of a tree.

What expression might the tree represent?

Does it?

—
5
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ordered trees

Given a tree (1, R) with root a, we say it is ordered if there is a function
p:T\ {a} — NT
such that for every node its n children are labeled 1..n.

. 2 = ¥
A 3 Ordering is usually represented
implicitly by the left-to-right

| 4 4 | 4 4
2 @ @ @ x T = order of child nodes in the tree
! E ! \ data structure.
AN: T — L O

p:T\{a} — NT
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binary trees

Given a tree (T, R) with root a, we say it is binary if every node has at most two
children and there is a labeling function

B:T\ {a} — {left, right}

such that no two children of the same node are labeled identically.

B:T\ {a} — {left, right}

left right

left @ right @® right
Labels are usually represented by

left @ the IefT—To—r'ighT order of child nodes
and angled links.
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binary search trees

Given a binary tree (7', R), with root a, binary labels 8 : T\ {a} — {left, right},
and labeling function A : 71T — L and a totally ordered label set L.

It is a binary search tree iff for all nodes their label is greater than

any label in their left subtree, and less than any label in their right subtree.

“"Jones" Could the same be achieved with
) ' an ordered tree, instead of a
Berhard" . ; 4 :
MacIntosh “®  binary tree?
* Albertson” "Jackson” Veh IOW, is a binary tree a special
o o case of an ordered tree, or
something else?

@ ‘Christensen”
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unrooted trees

A structure (71, S) is an unrooted (undirected)tree iff
(T, R) is a rooted tree and S is the symmetric closure of R.

There is no unique -
visual representation ﬂ\
of an unrooted tree. o o
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_Spanning trees

Given an undirected graph (T, S), an unrooted tree (T, R) is a spanning tree for it iff
RCS

-

? How to construct a /‘
jig spanning tree? O
. There may be many spanning .\.\ /

trees for any given graph.
17



example: spanning tree protocol

Root t+)ridge

DP P

RP

BP 92
DP

RP
BP |2

RP
12
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