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Rules

Things you CAN use during the exam.
Any written or printed material is fine. Textbook, other books, the printed slides, handwritten notes,
whatever you like. You may use electronic versions of the material, e.g. PDFs and the like.

In any case, it would be good to have a source for the relevant definitions, and also for notation, just
in case you don't remember the precise definition of everything we discussed in the course.

You can use Clojure to test or validate your definitions, as long as all run is code belonging to the
basic Leiningen distribution or that you wrote during the exam and do not access other software
tools. Note that the questions in this exam ask for mathematical definitions, NOT Clojure code.

Things you CANNOT use during the exam.
Any communication facility, other than to interact with the examiner.

The exam is ongoing from the moment you receive this document to the moment you submit your
answers. During that time, you must not communicate with anybody other than the examiner
and you must not solicit or accept help from any third party with any part of the exam.

FAQ

Can I make auxiliary/helper definitions?
Yes.

Can I use definitions from previous tasks?
Yes. If you do, include a short note referencing the task you take the definition from.

Should you have made an error in the previous definition, it will not affect the score on a task in
which you use it. In other words, if you use previous definitions, I will, for the purpose of grading
the answer using them, assume that they are correct.

Do I need to provide only the answer or also the calculations I performed to get to it?

Unless I specifically ask for the path to an answer, the answer itself is sufficient.
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Instructions

This is a take-home exam. This document was sent to you electronically as a PDF.

Print out this document and write your answers in the appropriate spaces.' You can use
additional sheets if you need to.

o Fill out the first page and sign.

Once finished, scan or otherwise photographically capture the pages and produce a PDF
from them (using software such as Office Lens, for example). Include your photo ID on
the first page.

The name of the PDF file must be your personnummer followed by “. pdf”, i.e. it has the
format
yymmdd-nnnn . pdf

Return the PDF with your answers by replying to the email that you received the
question sheet in. The subject line must include “[ EDAA4® Exam]” (without the quotes).

Do not forget to attach the file. Make sure to include the PDF as an email attachment — do
NOT send a link to your answers.

If you have questions for the examiner during the exam, contact him by phone first (you will
receive the phone number in the email with the exam).

Good luck!

Key points:

= create a legible PDF, name it with your personnummer in the above format
= attach the PDF to the email — no links to hosted files etc.

= return email to the address it came from, with [EDAA40 Exam] in the subject

1

If printing is not an option, you can answer the questions on empty sheets of paper. If you
do, make sure to include, on your first page, your name, personnummer, and signature, and
scan it with your photo ID.

©  You need not reproduce complete multiple-choice tables in your answers. In that case,
your answers will be matched to the questions in the table row by row, so make sure you
match the order of your answers to that of the questions.
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Programming contest

Were you member of a group that qualified for the EDA A40 programming contest this year? This is
where you claim your bonus points.

I was in a group that qualified but did not win.

I was in the group that qualified and won.

None of the above.

(please tick the appropriate box)

Group name (if applicable):

Some conventions you may use in the exam:

For any endorelation R C A x A and any set X C A, you can use R°(X) = X and for any n € N,
R"™(X) = R(R™(X)). Note that this means that R' (X) = R(X), i.e. the image of X under R.

In situations when oc is a meaningful value, you can use min{oc} = min () = oo, as well as
min(S U {oo}) = min S and z + oo = oo for any z.

About scoring multiple choice tables:

Every correct answer adds the indicated number of points per answer, while every incorrect
answer deducts the same number of points. Marking “no answer” (or simply not marking any
box in a given row) does not change the point score, so it counts as 0. Should the total score for the
table be negative, it is counted as zero (0).
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1

[30 p]

Suppose a directed graph (V, E). Assume that V' = dom E Urng E. We say that an edge

(v,w) € V is going away from v and coming into w.

1.

[5 p] Define the set I of vertices v € V' that have at least one edge going away from and no
edges coming into them.

[5 p] Define the set 7" of vertices that have at least one edge coming into and no edges going
away from them.

T =

[5 p] Define the function d : P(V') x P(V) — N U {oo} such that d(X,Y") is the length of
the shortest path from any vertex in X to any vertex in Y. If there is no such path, that
distance is co. If X NY # 0, it is 0.

d:P(V)xP(V)— NU{x}

XV —

[5 p] Define the M C V of vertices v € V/, such that the shortest path from any vertex in /
to v is the same length as the shortest path from v to any vertex in 7'.
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5. [5 p] Define a function e : V. — N that maps every vertex v € V' to the number of edges it
occurs in, i.e. that are coming into v or going away from v or both.

e:V —N

V=

6. [5 p] Define the function N : V' — P(V') that maps every vertex to the set of the vertices
connected to it by an edge (in either direction).

N:V —PV)

V=
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2 [40 p]
Suppose a set of vertices V, and two sets of edges £ C V x V and E2 C V' x V between them,
such that (V, E7) and (V, E5) are two directed graphs with the same set of vertices. In addition, we
have two functions Wy : By — N and W5 : E5 — N7 that assign the edges in each graph
positive natural numbers as edge weights.

An example of such a situation could be cities connected by different kinds of
transport, e.g. buses and trains, where the edge weights might measure e.g. the time it
takes to use the corresponding transport.

The goal is to measure a kind of distance d(v,w) between any two vertices v, w € V. It is based on
the paths we can use to travel von v to w using the edges in both edge sets as follows.

The idea is that we travel from v to w on a path along the edges of both F; and E», adding the edge
weights along that path as we go along. In addition, whenever we leave a vertex on that path using a
edge from a different set than the edge that we used to reach it, we add a constant s € N7 to the
overall path weight as switching cost. So, for example, if we reached the current vertex using an
edge from Fj, and we leave it using an edge from E5, we add, in addition to the edge weights, s to
the overall distance. If, on the other hand, we arrive at a vertex on an edge from, for instance, Es,
and we leave it again on an edge from FE, no switching cost is added, and we just accumulate the
corresponding edge weights.

We can switch back and forth between using edges from either edge set any number of times,
adding s each time we do so.

The switching cost might be the additional delay incurred, for example, by walking
from the train station to the bus terminal or vice versa. To simplify things, we assume
that the switching cost is always the same, irrespective of the vertex the switching
occurs on or whether we switch from E; to E5 or vice versa.

The distance d(v, w) is the smallest path weight including switching costs for any path of the kind
described above between v and w. If there is no way to reach w from v using the edges in £ and
Es, their distance is d(v, w) = oco. For any vertex v € V, the distance d(v, v) = 0.

Note that it is not necessarily the case that F;, N Ey = (), i.e. some edges (v1, v2) may be in both
edge sets, and in that case their weights W7 (v1,v2) and W5(v1, v2) need not be the same, so it is
important to distinguish whether the edge was taken from E or E to properly keep track of
weights and switching costs.

If you think of it in terms of buses and trains: even if two cities are connected by both
a bus and a train, when you calculate the overall time of an itinerary, you need to
distinguish the two in order to figure out (a) how long that part of the journey took
(that’s the potentially different weights of the same edge) and also (b) to figure out
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whether you need to account for trips between bus terminals and train stations (i.e.
potential switching costs).

Also note that you cannot make the assumption that it is always better to avoid switching. Whether
switching results in a shorter overall distance will always depend on the edge weights and s.

Define the distance function d : V' x V' — N U {co} in the following two steps.

1. [25 p] First, define a helper function recursively

d:V xV xNtx{1,2} xP(V) — NT U {0}

with the following meaning of the arguments of d’' (v, w, D, n,S) :

v is the current vertex

w is the vertex we want to reach

D is the distance accumulated so far, i.e. from the initial starting point up to v
n is 1 or 2 and denotes the edge set we took the edge from with which we

reached the current vertex, 1 for F; and 2 for F5

W

is the set of vertices we have visited so far (including the current vertex v,
so it is always the case that v € \5)

v,w,D,n, S —
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2. [10 p] Using the helper function d’ from the previous step, define the distance function

d:V xV — NU{oo}

as described above.

3. [5p] In order to ensure that d’ terminates, we require a well-founded strict order < on its
domain V x V x NT x {1,2} x P(V), such that for any (v, w, D,n, S) that d’ is called on,
it will only ever call itself on (v, w’, D", n’, S") < (v,w, D,n, S). Define such an order:

(W, w', D' n',S") < (v,w,D,n,S) <

Note: You are NOT required to prove that the order you define is well-founded, it suffices
that it is. More specifically, a correct answer to this question must have three properties.
1. It must define a strict order on V x V' x NT x {1,2} x P(V).
2. It must be well-founded, i.e. there cannot be an infinite descending chain in that
order.
3. Your definition of d’ must conform to it, i.e. any recursive call in your definition
must be called on a smaller (according to the order) quintuple of arguments.
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3 [30 p]

Given is a directed graph (V, E'), a function A : £ — A, assigning each edge a label from a set A,
and another function W : E — R assigning each edge a non-negative real number (its weight).

For any set of labels S C A, let Eg = A\™*(S) = {e € E : \(e) € S}, i.e. the set of edges whose
label is in S.

With this, we define a family of distance functions dx : V x V — R U {co} for every X C A,
as follows:

dx : V x V — Rt U {oo}

v,w = dy (v, w,0)

using a family of helper functions d’y defined as follows:
dy :VxVxPV)— R"U{c0}

0 for v=w
v,w, S+ § min({dy (v, w,SU{v}) : v € Ex(v) \ S}
U{W (v,v") + dx (v'w,SU{v}) : v € Egx\x(v) \ S}) otherwise

We now use those distance functions to define a relation R C P(A) x P(A) on the subsets of A:

R={(X,Y)€P(A) x P(A):Yw e V,v' €V (dx(v,v') < dy(v,0"))}
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1. [10 p] The relation R € P(A) x P(A) depends on the combination of the graph (V, E), the
label set A and the labeling and weight functions A and w.

In the following table, several properties are given. Tick the corresponding box under
“always”, if R has the property for every valid combination of graph, label set, and labeling
and weight function, under “never” if it does NOT have that property for all such
combinations, and under “sometimes™ if it has that property for at least one combination and
does not have the property for at least another one.

Mark the corresponding box under “no answer” if you prefer to not give an answer.

See p. 4 on how these tables are scored.

[1 point per answer]

always | sometimes | never | no answer

reflexive over P(A)

transitive

symmetric

antisymmetric

asymmetric

is a strict order

is a non-strict order

is a total order

C 0 3N D |Ul |~ W N|-

has a minimum element

—_
()

has a maximum element

Note: Be sure of the distinction between minimum and minimal, and also between
maximum and maximal.
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2. [20 p] Similar to the previous task, the following table contains statements about the
definitions above, such as the distance functions dx and the relation R C P(A) x P(A).
Whether they are true or false might depend on the specific combination of the graph (V| F),
the label set A and the labeling and weight functions A and w.

Tick the corresponding box under “always”, if the statement is true for every valid
combination of graph, label set, and labeling and weight function, under “never” if it is false
for all such combinations, and under “sometimes” if it is true for at least one combination
and false for at least another one.

Mark the corresponding box under “no answer” if you prefer to not give an answer.

See p. 4 on how these tables are scored.

[2 points per answer]

always | sometimes | never | no answer

1 VX, Y € P(A) Yo,w eV
(dx (v,w) = 00 <> dy (v,w) = )

2 VX,Y € P(A) Yo,w eV
(dx(v,w) =0« dy(v,w) =0

VX, Y € P(A) ((X, )ER—>XCY

VX, Y eP(A) (X CY — (X,Y) €

VXYGP(M@UY)
)

VXY € P(A) (X, (XUY)
(

X)
)
VX,Y € P(A) (X NY),X)
VX,Y € P(A) (X, (XNY))

O 0|3 | Ul |k~ W

) (X
X € P(A) Yo,w €V (dx(v,w) = o0

10| 3IX € P(A) Yo,w €V (dx(v,w) =0

Hint: In deciding on these properties and statements, it can help to consider “corner cases”:

very small graphs, very sparse or very connected graphs (i.e. very few or very many edges),
graphs where all edge weights are 0, where all edges are labeled the same or all are labeled

differently etc.
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