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EDAA40 Exam
30 May 2016, 1400h-1900h

Stuff in blue is part of the model solution.
Stuff in red is extra commentary.

Instructions

Things you CAN use during the exam. 
Any written or printed material is fine. Textbook, other books, the printed slides, handwritten notes, 
whatever you like. Things I would recommend for this exam would be the book and the printed 
slides. If the full printout of the slides is a bit too much for your taste, use the handouts instead. 
They also have room for notes, so you can put in annotations that are useful to you. 

In any case, it would be good to have a source for the relevant definitions, and also for notation, just 
in case you don't remember the precise definition of everything we discussed in the course.

Things you CANNOT use during the exam. 
Anything electrical or electronic, any communication device: computers, calculators, mobile 
phones, toasters, ...

WRITE CLEARLY. If I cannot read/decipher/make sense of something you write, I will make the 
least favorable assumption about what you intended to write. 

Note:
If you are asked to prove something, make sure you start by writing down the thing you need to 
prove. For example, if you are asked to show that some function  is surjective, you will usually  
need to show that the image of its domain is its codomain.

A sheet with common symbols and notations is attached at the end. 

Good luck!
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 1 [6 p]
Given , with  as always the natural numbers starting at 1, let us define the 

following sets (with  iff ):

Give the number of elements in these sets as follows:

1. [2 p]   23

2. [2 p]   6

3. [2 p]   6

Note that the question is about the cardinality of sets, so the answers are numbers.

 2 [7 p]
Given , what is

1. [1 p]  1

2. [1 p]  6

3. [1 p]  15

4. [1 p]  20

5. [1 p]  15

6. [1 p]  6

7. [1 p]  1

 3 [8 p]
With  and  compute the following images of R:

1. [2 p]  

2. [2 p]  

3. [2 p]  

4. [2 p]  
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 4 [19 p]
With , , and . We are 

looking at the composition  in this task.

1. [3 p]  21

2. [3 p]  

3. [3 p]  

4. [3 p]  

5. [3 p]  

6. [4 p]  is ...  (circle those that apply)

reflexive symmetric transitive antisymmetric

Many solutions to 2-5 produced sets of tuples, rather than numbers. If you produced one of 
those, you might want to review the definition of an image of a relation.

I marked those answers by making a deduction in the first (otherwise correct) answer, and 
marking the others by only regarding the right side of the tuples listed.
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 5 [12 p]
Assume you have an injection  and a surjection  .

1. [1 p] Is their composition  always injective?

YES NO

2. [5 p] If yes, prove that it is. If no, show a counterexample. (A counterexample involves 
making the three sets , , and  concrete, giving two functions for  and  with the 
required properties, and showing how their composition is not injective.)

A = {a, b}, B = {c, d}, C = {e}

j = {(a, c), (b, d)}, s = {(c, e), (d, e)}

s*j = {(a, e), (b, e)}

3. [1 p] Is their composition  always surjective?

YES NO

4. [5 p] If yes, prove that it is. If no, show a counterexample. (A counterexample involves 
making the three sets , , and  concrete, giving two functions for  and  with the 
required properties, and showing how their composition is not surjective.)

A = {a}, B = {c, d}, C = {e, f}

j = {(a, c)}, s = {(c, e), (d, f)}

s*j = {(a, e)}

Some counterexamples that people constructed involved s and j that were not, in fact, functions.
Some folks tried to prove that the composition was injective or surjective, and, obviously, failed, 
since it isn't.

A lesson here could be that if you are trying to prove something and find you can't, do consider the 
possibility that what you are trying to show just isn't so. Not always (see 8.4/5), but sometimes.
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 6 [11 p]
Consider the lower-case alphabet  and the set 

of characters. 

We define a small language  of propositional formulae over the set of variable names 
, and the following set of rules  with

such that .

1. [1 p] Show that  by giving a string  such that :

 (

Hint: Make sure the strings are in !

2. [3 p] Give three strings  such that :

  Note that  –- many solutions missed that point.

3. [7 p] Assume a function  that assigns every variable name a value in 

. Using structural recursion, define an evaluation function  that 

interprets the formulae in  in a way consistent with the usual interpretation of the symbols 
, , and  in propositional logic. Use arithmetic operators (+, -, *, min, max) to 

compute with the values 0 and 1.

In many solutions the eval function could produce values outside of {0, 1} --- for example, if the 
second clause is simply -eval(s'), it may result in -1, and if the third is eval(s1) + eval(s2), you may 
get 2 etc.
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 7 [12 p]
Suppose we have a set  that is totally ordered by a relation  on . A function  is 
called strictly monotonic iff for any  it is the case that .

1. [1 p] If a function  is strictly monotonic, does that imply it is injective? (circle answer)

 YES NO

2. [5 p] If yes, prove it. If no, provide a counterexample. 
(If you use a counterexample, you may use any totally ordered set that you find convenient, 
such as the natural/integer/rational/real numbers under the usual arithmetic order.)

It is to show that  implies 

Since , and A is totally ordered, then either  or .
If the former, then  and therefore .

If the latter, correspondingly.

Some observed that x<y implies x!=y, which is correct, but in itself not helpful, because you 
need to show that x!=y implies f(x)!=f(y), so x!=y is the starting point of the proof. To get 
from there to x<y (or y<x), you need to invoke the total order property of <.
One solution actually interpreted < as non-strict, and thus concluded that a “strictly 
monotonic” function in the above definition would not be injective. That conclusion is 
correct, and since I did not explicitly say that < is supposed to be strict, I gave it full marks. 
(Even if the term “strictly monotonic” and the use of the symbol < might have suggested the 
intent, the ambiguity ultimately was mine.)

3. [1 p] If a function  is strictly monotonic, does that imply it is surjective? (circle answer)

 YES NO

4. [5 p] If yes, prove it. If no, provide a counterexample. 
(If you use a counterexample, you may use any totally ordered set that you find convenient, 
such as the natural/integer/rational/real numbers under the usual arithmetic order.)

f is strictly monotonic, but not surjective.

EDAA40 Exam 30 May 2016



Code (or name): 7 (of 12)

 8 [21 p]
Let us use  as the name for the set of all prime numbers, that is positive integers greater than 1 that 
are only divisible by 1 and themselves, so . You can use  in answering 

the following questions, and also the “divides” relation, defined as  iff .

1. [3 p] Give a definition of the set  of all prime factors of a positive natural number 
, i.e. all prime numbers that are divisors of .

2. [6 p] The number n primorial is the product of all prime numbers less than or equal to , 

i.e. . Let us call the function that computes n primorial , so for 

example, , , , , 

 and so forth. The first primorial number is defined to be 

. 

Using simple recursion, give a definition of the function  computing n 
primorial for any , as follows:

3. [2 p] Is the function … (circle the answer)

(a) injective? YES NO

(b) surjective? YES NO
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4. [4 p] Using simple recursion, define an injective function . 
Use the fact that for any , the number  is a prime number (a so-called 

primorial prime).

Hint: It's NOT as simple as mapping  to . (Make sure you understand why that is)

The reason is that P is not injective, e.g. P(3) = P(4).

Many people answered P(n^2) + 1. (Of course that does not result in a recursive definition, 
but let's forget about this for a moment.) This is based on the realization that just P(n)+1 is 
not injective because not every n is a new prime, and so in a lot of cases P(n)+1 = P(n+1)+1, 
making Q not injective. This gave rise to the suspicion/hope that between any n^2 and the 
next (n+1)^2 there will be at least one prime so that the next Q(n+1) is different from Q(n), 
making Q injective.

Interestingly, that suspicion has a name, it's called Legendre's conjecture, and while it has 
been around for over a hundred years and is almost certainly true, it hasn't been proven yet. I 
gave full marks for that answer even if it does not use simple recursion, because it does 
(“almost certainly”) produce an injective Q. However, actually proving it injective would 
involve proving Legendre's conjecture, which, sadly, none of the solutions did (you would 
have heard about it in the news otherwise).

5. [6 p] Prove that  above is injective.
You may use the fact that  for all  without needing to prove it.

Hint: Answering this might become easier if you use a result from a previous task.

Using the result from 7, it is sufficient to show that Q is strictly monotonic, i.e. 
, or alternatively  for .

For  we have .

Assuming that , we need to show that .

. QED
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(1) definition of Q(n) for n>1 (a+1 and a+k+1 are both >1, because a and k are > 0)
(2) using 

(3) induction hypothesis

Most solutions skipped the induction, and contended themselves with showing that for any 
n, Q(n) < Q(n+1), waving in the general direction of the transitivity of < to imply 
monotonicity. I let that one slide and gave it full marks.
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 9 [7 p]
Let  and , and correspondingly  and  be the sets of finite sequences 

in  and , respectively.

Using recursion over the structure of the sequence, define two injections  and 
, as follows. In both definitions, the first case deals with the empty sequence, the 

other cases “peel off” the first element in the sequence and the rest of the sequence is called s'.

There are, of course, many ways of answering here. The important point is that the resulting f and g 
be injective, and also (which many answers got wrong) that they map to A* and X*, respectively.

 10 [4 p]
1. [2 p] Is the composition  of the two functions defined in the previous task... 

(circle all that apply)
 injective surjective

2. [2 p] Is the composition  of the two functions defined in the previous task... 
(circle all that apply)

injective surjective
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 11 [9 p]
Identify free and bound occurrences of variables in the following formula. Put a dot above a free 
variable occurrence, and below a bound one. 
Note that variable symbols immediately following quantifiers do not count as "occurrences".

free

          

bound

 12 [15 p]
Find a DNF for each of the following formulae

1. [5 p]

2. [5 p]

none

3. [5 p]

Quite a few solutions produced formulae that were not, in fact, in DNF.
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Some common symbols

•     the natural numbers, starting at 0

•     the natural numbers, starting at 1

•     the real numbers

•     the non-negative real numbers, i.e. including 0

•     the integers

•     the rational numbers

•     a and b are coprime, i.e. they do not have a common divisor other than 1

•     a divides b, i.e. 

•     power set of A

•     of a relation R: its complement

•     of a relation R: its inverse

•     of relations and functions: their composition

•     closure of a set X under a relation R, a set of relations R, or a function f

•     closed, open, and half-open intervals from a to b

•     two sets A and B are equinumerous

•     for a finite set A, the set of all finite sequences of elements of A, including the empty 

sequence,  

• sum of all elements of 

• product of all elements of 

• union of all elements in 

• intersection of all elements in 

EDAA40 Exam 30 May 2016


	Instructions
	Note:
	1 [6 p]
	2 [7 p]
	3 [8 p]
	4 [19 p]
	5 [12 p]
	6 [11 p]
	7 [12 p]
	8 [21 p]
	9 [7 p]
	10 [4 p]
	11 [9 p]
	12 [15 p]
	Some common symbols

